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Coupled Space-Marching Method for the
Navier-Stokes Equations for Subsonic Flows
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An implicit space-marching finite-difference procedure is described for solving the compressible form of the
steady, two-dimensional Navier-Stokes equations in body-fitted curvilinear coordinates. The coupled system of
equations is solved for the primitive variables of velocity and pressure by making multiple sweeps of the
space-marching procedure. A new pressure correction method has been developed that significantly accelerates
convergence of the iterative process. The scheme is used to compute incompressible flows by taking the low Mach
number limit of the compressible formulation. Computed results are compared with other numerical predictions
for low Reynolds number channel inlet flow, flow over a rearward-facing step in a channel, and external flow

over a cylinder.

Introduction

NUMBER of different methods have been developed to

solve the Navier-Stokes equations in primitive variables
for steady, subsonic flows. Many of these algorithms are
described in Anderson et al.! The present methods are not
entirely adequate for all problems, and advanced techniques
continue to be developed. New procedures and recent im-
provements to existing methods are briefly reviewed in the
following paragraphs.

The most frequently used primitive variable algorithms for
incompressible flows solve the momentum equations for the
velocity components in an uncoupled (segregated) manner,
holding pressure fixed. Although different in detail, the segre-
gated solution schemes (e.g., Refs. 2-4) use the continuity

equation indirectly in the formulation of a separate Poisson.

equation that is solved for the pressure. Since the velocity
components and pressure are computed from different algo-
rithms, rather than in a coupled manner, convergence is
slowed. Furthermore, the solution of the elliptic Poisson equa-
tion consumes a large part of the total computaion time for
each global iteration. Van Doormaal et al.’ recently have eval-
uated improved algorithms for solving the pressure Poisson
equation, and Rhie* has applied a multigrid method to acceler-
ate the solution of the momentum equations and the pressure
equation.

Several strategies have been advanced for solving the cou-
pled momentum and continuity equations for the primitive
variables, including the pressure. The schemes all share the
advantage that a separate procedure for imposing the continu-
ity constraint and determining the pressure is not required. The
choice of variables and the algebraic approach used to solve
the system of nonlinear equations distinguish the direct, time-
marching, and space-marching algorithms.

Vanka and Leaf® and recently Patankar et al.” have com-
pared solutions for two-dimensional flows obtained by direct
and segregated methods. A large sparse matrix solver is used to
invert a system of equations spanning the entire flow domain.
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Multiple inversions are required to converge the nonlinear and
type-dependent coefficients. Although the computational ef-
fort per iteration is large, the total processing time is reduced
since relatively few iterations are needed.

Most time-marching algorithms use density as a primary
variable and do not perform well in the incompressible limit.
To overcome this problem, Kwak et al.? have used a pseudo-
compressibility® formulation of the incompressible Navier-
Stokes equations in two and three dimensions. The Beam-
Warming!? differencing strategy requires solution of a set of
equations along each grid line for each spatial dimension at
each pseudo-timestep.

Space-marching algorithms sweep the flow domain in only
one spatial direction, preferably the main streamwise flow
direction. Multiple sweeps are executed to resolve the down-
stream effects of elliptic flows. Coupled space-marching algo-
rithms for reduced forms of the Navier-Stokes equations for
incompressible or subsonic flow have been developed by Ru-
bin and Reddy,!! Israeli and Lin,'2 Pougare and Lakshminara-
yana,'? and Liu and Pletcher.!* Recently, Bentson and Vradis'®
have presented solutions of the full Navier-Stokes equations in
incompressible form.

In general, there appears to be broad interest in the develop-
ment of advanced procedures for subsonic flows, especially
for those that hold promise for extension to three-dimensional
flows and to the supersonic regime. It is not yet clear which
overall approach is best, and selection of a workable algorithm
remains problem dependent.

In particular, the coupled space-marching algorithm is in an
early stage of development. This paper contributes a different,
more general formulation incorporating features that permit
efficient solution of a broad class of problems. First, the com-
pressible formulation using pressure, rather than density, as a
primary variable applies to incompressible as well as compress-
ible flow regimes. The incompressible results reported here
have been computed to validate the method by comparison
with other known solutions before proceeding to the develop-
ment of a fully compressible version. Second, the discretiza-
tion on a regular grid in generalized curvilinear coordinates is
applicable to a wide range of geometries. Finally, a new pres-
sure correction scheme has been developed that significantly
improves the convergence rate.

This paper describes the new formulation and presents the
results of several example computations to demonstrate the
capabilities of the method.
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Governing Equations
The steady, compressible, two-dimensional, Cartesian coor-
dinate form of the Navier-Stokes equations and the continuity
equation can be expressed in dimensionless vector form in
terms of the primitive variables as
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Fluid property relationships are needed to complete the
model. A procedure for general compressible flows must in-
clude the full energy equation in the set of equations. For the
adiabatic, low Mach number cases considered here, the energy
equation has been reduced to an algebraic equation for con-
stant total temperature:

To=T + (u*+v¥/2c¢, ?)

The density in Eq. (1) is evaluated using the perfect gas law in
combination with Eq. (2) to give

p=p/R[To—(u2+vH/2¢,| 3)

For purely incompressible flow, a constant density would be
specified. Laminar flow is assumed and the viscosity is deter-
mined by the Sutherland formula:

p=CT"2(1+C)/(T+Cy “)

Boundary conditions complete the mathematical formula-
tion. These are described in a later section in conjunction with
the numerical solution.

The preceding dimensionless variables are defined in the
following manner (dimensional quantities are indicated by a
tilde)

x=x/L y=y/L o=p/br

u =4/, V= V/4, p=p/BA?)
T=T/T. w=j/fi R = RT,/i?
¢ =Ry/(y=1) C, =C/Ci=1 C,=Cy/T,

Re = 5rdr£/ﬁr

Here, L is a flowfield characteristic length, x and y the Carte-
sian coordinates, # and v the respective Cartesian velocity
components, p the density, p the static pressure, p the dynamic
viscosity, T the static temperature, R the gas constant, ¢, the
constant pressure specific heat, v the specific heat ratio, C; and
C, the Sutherland constants, and Re the Reynolds number.
The subscript r denotes the reference properties that are the
upstream bulk properties for internal flow cases, or the free-
stream properties for external flow cases.
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Solution Procedure

For subsonic flow, the system of partial differential equa-
tions [Eq. (1)] is elliptic in the spatial coordinates and is not
well posed as an initial value problem for solution by a single
marching sweep. However, proper treatment of the streamwise
derivative terms permits a stable space-marching calculation to
be executed (see Refs. 11-14). Solution to the fully elliptic
equations is accomplished by repeated global iterations of the
space-marching procedure.

The present solution algorithm consists of two distinct pro-
cedures that are executed for each global iteration:

1) Animplicit, block-tridiagonal, finite-difference formula-
tion of Eq. (1) is solved for the primitive variables g at each
station, starting from given upstream conditions and marching
downstream.

2) An approximate pressure Poisson equation is solved for-
corrections to the pressure field by a line solver, sweeping
upstream from the downstream boundary.

Two important considerations in the formulation of the
method are discussed in the following paragraphs. The details
of the numerical solution are then presented in the next sec-
tion.

To insure stability in the space-marching sweep, the terms
that transmit information about the condition of the down-
stream flow are treated as source terms, i.e., the downstream
values are lagged. The downstream pressure controls the flow
solution through the streamwise pressure gradient terms. This
is mathematically imposed by satisfying the Vigneron!® stabil-
ity condition, which requires that the streamwise pressure gra-
dient be forward differenced for the low Mach number flows
considered in this paper. Downstream velocities may also in-
fluence the solution through the streamwise convection and
diffusion terms. Where the streamwise velocity is positive, the
streamwise convection terms are determined using upstream
values. However, where the flow reverses, the streamwise con-
vection terms in the momentum equations must include down-
stream velocities. This is accomplished by reversing the direc-
tion of the upwind differencing. Finally, downstream
velocities are lagged in the streamwise viscous terms. It is
emphasized that all elliptic terms are retained and that the
restrictions are applied to maintain the numerical stability of
the space-marching calculation.

For a large class of problems, the regions of flow recircula-
tion are limited and the streamwise viscous stresses are small.
For these conditions, the downstream influence is felt primar-
ily through the pressure field, which is the limiting factor in the
convergence of the algorithm. The pressure field may be deter-
mined solely by repeated marching sweeps. However, this ap-
proach may require a large number of iterations. Since down-
stream pressure signals are only passed one station upstream
for each global iteration, as many iterations as there are
marching stations must elapse before the downstream bound-
ary pressure is felt at the inlet. The global pressure correction
procedure is used to accelerate the convergence of the pressure
field by rapidly transmitting pressure signals upstream. Since
no correction is made to the velocities, the effectiveness of the
pressure acceleration method will diminish for problems with
significant downstream convection or diffusion terms.

Numerical Solution

Regular Computational Grid Layout in Generalized Coordinates

To simplify the treatment of arbitrary geometries, a general-
ized independent variable transformation is employed to map
the physical grid onto a uniformly spaced computational grid.
The coordinate transformation is of the form

£=Ex,), 7 =1(x,y)
The metrics of the transformation are

EST =y, &/ =—x,, /T ==y, n/J=x (5)
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and the Jacobian is given by

Pt )
a(x,y)

The continuous flowfield is approximated by values at dis-
crete points on a mesh formed by lines of constant £ and 7 (see
Fig. 1). On the regular grid, all flow variables are considered
to be located at the node points. Execution of the space-march-
ing solver requires full storage for the Cartesian coordinates,
velocity components, and pressure. An additional pressure
value is also stored to implement the global pressure correction
algorithm. ’

=&y — meby = V(X=X ©®

Finite-Difference Equations

The transformed governing equations may be cast in several
forms. Geometric considerations associated with these forms
have been examined by Hindman.!” The strong-conservation-
law form is used for the continuity equation to guarantee
global conservation of mass free of truncation errors. This
requires that special metrics be determined in a manner consis-
tent with the finite-difference method. However, use of this
form for the type-dependent terms in the momentum equa-
tions would require several different evaluations of the met-
rics. Constraints on the metric terms are avoided by using the
chain-rule-conservation-law form for the momentum equa-
tions with the metrics computed using the central difference
form of Egs. (5). The Jacobian is obtained from the metrics by
Eq. (6).

Momentum Equations

The governing equations [Eq. (1)] can be transformed and
expressed in chain-rule-conservation-law form as

£ OE & OF 9 0F

£ m OF o
Jog  J ot J

J o M
The momentum equations in this form are expanded as finite
differences about the node at (i +1,/) in the computational
plane. The differencing method employed for each of the
terms within the flux vectors F and F is described later. The
primary values used in the difference equations are shown
schematically in Fig. 2.

The streamwise convective terms are upwinded to produce a
positive coefficient on the implicit term at node (i +1,j). To
minimize numerical dissipation, the second-order upwind
method is used primarily, except adjacent to boundaries. For
streamwise flow in the marching direction, the upstream terms
are currently known from the solution at previous stations. In
regions of reversed flow, the grid direction of the differencing
is reversed, and the convective flux terms at the downstream
nodes are lagged.

MARCHING
DIRECTION

]::
X

Fig. 1 General nonorthogonal curvilinear coordinate grid.
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Fig.2 Momentum equation finite-difference molecule at (i +1,5).

The hybrid differencing scheme is used for the transverse
convective terms. Central differencing is used for mesh Rey-
nolds numbers less than 2. For larger mesh Reynolds numbers,
the differencing is progressively weighted toward the first-or-
der upwind scheme. These terms at station / + 1 are implicit.

The streamwise pressure gradient is forward differenced to
produce a negative coefficient on the implicit term at node
(i +1,j). Although a second-order forward difference expre-
sion is applied easily, the results presented here were obtained
with a first-order representation. The downstream pressure
values are the estimated values resulting from the global pres-
sure correction procedure following the previous iteration.
The first-order forward difference at (i +1,/) is

Dy = (DPlia;—Div1,j)/AE ®

Central differencing of the transverse pressure gradient was
found to permit the even and odd node pressures to uncouple,
producing two independent profiles at some stations. There-
fore, to link the pressures at neighboring nodes, one-sided,
second-order differences are used. The three-point difference
formulas include nodes outside the bandwidth of the block-
tridiagonal solver. Rather than use a pentadiagonal solver, the
second-order expression is split into an implicit first-order
term plus an explicit second-order correction based on the esti-
mated pressure field. The second-order forward difference
formula about (i +1,/) is

Dy = (Pi"+1,j+1_Pi"+ 1,/)/A71
_(1_71"'+1,j“2p7+1,j+1+p?+1,j+2)/2A7l 9

Second-order central differences are used for the viscous
terms. The transverse terms are all implicit. The downstream
values in the streamwise and mixed partial derivatives are
lagged.

Continuity Equation

The governing equations [Eq. (1)] can be transformed and
expressed in strong-conservation-law form as

dE’ OF’
—_— =0 10
3t o (10

where
E' = (&/DE + (§,/))F, F' =(q/NE + (9,/))F

The continuity equation is expanded in the finite-volume form
of Eq. (10) to give

(Ec—EL)/AE + (Fr—F5)/An=0 an
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Fig. 4 Predicted centerline velocity distribution for developing flow
in a two-dimensional channel inlet.

Here, the subscripts denote the faces of the resulting control
volume centered at (1+ V4,7). Substituting the fluxes and
dropping Af =An=1 gives

EC R RO

where the contravariant velocities are

= (Exu + Eyv)’ = (nxu +"7yv)

The east and west face fluxes are obtained directly at the
nodes (i + 1,/) and (7, ) in the center of these faces. However,
the fluxes at the centers of the north and south faces at
(i+%,j+V2)and (i + V2,j — ¥2) must be interpolated. Simple
averaging among the four neighboring nodes leads to a central
difference expression that causes even/odd decoupling and
produces sawtooth profiles. To suppress this, the interpolation
is done by a Taylor expansion biased to one side of the control
volume center. Second-order accuracy is maintained, but some
dissipation error is introduced into the equation. The direction
of the transverse differencing is opposite the one-sided differ-
encing of the transverse pressure gradient in the momentum
equations. For example, the north face flux terms are deter-
mined from the properties and gradients about the node at
(i+1,j)as

P-C § A
(ou)y = (pU)is1,j + 2 [a‘ﬂ (pu)]i+1,/ 2 [ae(‘o )]H-l,j
(13)

- 1/4[(.517);+1,j —(ﬁﬁ)i—l,j] 14

The south face flux is then determined about the correspond-
ing node at (i + 1,/ —1) in a similar manner. To maintain the
block-tridiagonal matrix, the correction terms are explicit and -
lagged within the nonlinear coefficient loop.

The metric terms for each face represent the control volume
face areas. In order to insure strict flux conservation, the
metrics must satisfy the geometric conservation law. As an
example, the metrics used for the north face are

(7)()" = (yg)n = (ijevs=Vis 1y l/z)/Af (15a)

() = ), = (roeums)/at - s

This treatment of the metrics reproduces the areas of the phys-
ical coordinate continuity control volume. The transformed
difference equation is equivalent to a finite-volume continuity
equation in physical coordinate form.

Boundary Conditions

The space-marching pass starts from the upstream boundary
where the inlet flow profile is specified. It is notable that since
the streamwise pressure gradient terms in the momentum
equations are forward differenced, the upstream boundary
pressure influences the flow solution only through the density.

On solid walls « and v are zero, and the normal pressure
gradient is set equal to zero. At freestream side boundaries u
and p are set equal to freestream values, and continuity re-
quirements establish v.

The set of governing equations is solved at the downstream
boundary assuming zero streamwise diffusion. The down-
stream pressure is specified one step outside of the grid. For
external flows, the downstream pressure is equal to the free-
stream pressure. For internal flows, the value of the down-
stream pressure is adjusted between iterations in order to im-
pose a total pressure drop from the inlet reference pressure
consistent with the specified mass flowrate.

Solution of the Block-Tridiagonal System

The difference equations and the boundary conditions at
station { + 1 form a block-tridiagonal system of equations for
q. However, the convective flux terms in both the momentum
and continuity equations are nonlinear. These terms are quasi-
linearized in terms of g about coefficient values lagged from
the previous global iteration. Examples of the quasilinearized
terms are (the caret denotes coefficient values)

R ha phv i
o 8
-1+ 23] 1o
o 5] 2
_ [ ~z(z+ ”:Tvzﬂ a7

The linear system is easily solved by a block elimination proce-
dure. When the solution results in a large change in the vari-
ables, the quasilinearization is repeated about the new values
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Table 1 Summary of test case parameters
Case Inlet profile Re M L* xy/L x/L Grid  ITN®  emax o w
1 uniform u 7500 0.01 h 0 3000 41x21 7 10-4 20 0.7
v=0 75 0.01 0 30 41 x21 17 10—4 20 0.7
10 0.01 0 4 41 x 21 60 104 S 0.7
0.5 0.01 0 2 41 x21 183 104 5 0.7
2 parabolic i 373 0.05 s -3 12 c c 10-6 80 0.5
v=0
3 parabolic u 229 005 s -6 48 c ¢ 10-6 80 0.5
) v=0 73 0.05 -6 24 ¢ ¢ 10-¢ 80 0.5
4 uniform u 40 005 D -2 20 41x21 263 10-4 10 0.1
: v=0 ) —20 20 81x41 - 486 10-4 80 0.1
2See Fig. 3. P ITN=Number of global iterations. °See Table 2.
and the system is subsequently solved using the updated coef- (PE + 6% + (P, + 8{’,,,) =Sp (20)

‘ficients. For the test cases presented here, iteration on the
nonlinear coefficients was not typically required at most of the
marching stations.

Global Pressure Correction Procedure

An auxiliary Poisson equation for the pressure field can be
obtained by a linear combination of derivatives of the momen-
tum equations as

Dy + oy = Sp (18)
where o is an arbitrary constant and Sp = (py); + a(p,),. The
pressure gradients in the source term are determined from the
momentum equations. The solution of an approximate form
of Eq. (18) between marching sweeps is used to estimate a
corrected pressure field that accelerates convergence.

In the present space-marching formulation, two pressure
values are used: the calculated pressure p”, and the assumed
pressure field p”, which provides the downstream pressure
needed for stable marching. At an intermediate iteration 7, let
the difference between the calculated pressure and the assumed
pressure be defined as

€&, =pl;—Di;
Let the difference between the final converged pressure and the
assumed pressure be defined as

8 =pij —Pi;

At convergence, & and e approach zero at all points in the field.
If & could be determined exactly, then the ideal pressure
correction would be

H1t+1

Pij )

Substitution of the definition of 6 into Eq. (18) gives a Poisson
equation in terms of the pressure correction.

16

10}

=pi;+ 07

Maximum Pressure Residual

Re = 75
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Fig. 5 Convergence history of channel inlet solutions.

The curféni space-marched solution directly provides a good
estimate of the local pressure gradients in the source term.
Expanding the source term at (i +1,/) gives

Sp = [(?'77+z,j =plry) = (Pl s =Pl)) ] fag

+ a[(pi"+1,j+1 —p;'+l,j) - (Pi"+1,j _pi"+l;j—l)]/A772 (21)

However, solving the elliptic equation (20) would require sub-
stantial computational effort. To simplify Eq. (20), it is as-
sumed that the pressure gradient term upstream of node
(i +1,7) will be corrected to the current solution value as

A+

Pist,j (22)

=PI =P -l
Expanding Eq. (20) with the standard central difference repre-
sentation of the second derivatives, using Eqgs. (21) and (22),
and applying the definitions of ¢ and & leaves a parabolic
difference equation for 6.

n n n = el
abf g oy — (1 +20)87,  j + @bl jo = el jy

— (1 20)€f, ; + ey jo1 = 0iiz (23)
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Fig. 6 Effect of grid refinement on predicted reattachment length for
sudden expansion flow in a two-dimensional channel.



224 P. W. TENPAS AND R. H. PLETCHER

Table2 Results of grid refinement
for sudden expansion flow cases

Grid indices Results
Imax JMAxX N2 Xr/s ITN®
Case 2, Re; =37.3
31 19 517 4,384 21
41 25 897 4.232 20
51 31 1381 4.142 21
61 37 1969 4.086 23
71 40 2476 4.048 27
Case 3, Re; =73
31 19 553 5.550 33
41 25 961 5.465 31
51 31 1481 5.414 27
61 37 2113 5.386 25
71 40 2658 5.362 24
Case 3, Re; =229
28 19 514 12.31 34
37 25 893 12.35 31
46 31 1376 12.26 30
55 37 1963 12.22 28
64 40 2469 12.22 29
2N =Number of nodes. °ITN=Number of global itera-

tions.

Table 3 Iterations required for case 3 at
Reg =229 with a 46 X 31 uniform grid

Relaxation factor, w

Diffusion
factor, a 0.100 0.250 0.500 0.707
10 108 a a a
20 106 48 a a
40 103 50 35 a
80 141 58 30 26
120 197 73 31 29
200 305 103 42 a
400 525 157 64 a

2Solution diverges.

Table 4 Separation bubble predictions
for case 4, Rep =40

05, deg /D
Son and Hanratty?$ 53.9 2.5
Present results 52.7 2.38
Rhie? — 2.07
Kwak et al.8 52.0 1.9

For compactness, the terms A = Ag=1 have been eliminated.
Since there is no correction to the specified pressure at the far
downstream boundary, Eq. (23) can be solved for 6 at each
station by a single backsweep using a tridiagonal line solver.
The scheme rapidly transmits pressure changes in the upstream
direction. Excessive skewing of the transverse pressure profiles
is prevented by diffusion of the streamwise pressure changes
across grid lines. The magnitude of the diffusion factor «
controls the degree to which the transverse pressure profiles
ate preserved. Under-relaxation of the predicted pressure cor-
rection is needed, and so the actual pressure correction applied
is

Pis =Dl + wbl 24)
The computational effort to execute the procedure is insignif-
icant compared to the space-marching solution of the coupled
governing equations.

v Results
Sample results are presented for four test cases. The geome-
try for each case is shown in Fig. 3. The flow conditions and
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several grid and iteration parameters are listed in Table 1. All
solutions, with the exception of the fine grid computation of
case 4, were started assuming a uniform pressure field and zero
velocity. The computations were performed on an Intel 8088/
8087 microprocessor-based personal computer and checked on
a VAX 11/785. The CPU time on the VAX was approximately
0.006 s per node per iteration.

The test cases present different aspects of elliptic flow prob-
lems. First, the entrance flow in a channel at low Reynolds
number induces a complex pressure and velocity field that
differs from the high Reynolds number flow. Next, the sudden
expansion geometries produce recirculation regions. Finally,
the crossflow over a cylinder includes a stagnation point, sep-
arated flow, and large streamline curvature and was computed
on a nonorthogonal grid. Incompressible flow is simulated by
prescribing a low Mach number (M <0.1).

Developing Flow in a Channel

The entrance flow in a channel with an arbitrarily imposed
uniform ihlet profile is labeled as case 1. Solutions were calcu-
lated on the channel upper half-plane using a rectangular grid
with lines packed near the inlet plane and the wall. The march-
ing direction step size varied from 0.00145 to 0.0664 of the
channel length, and the transverse grid spacing ranged from
0.0125 to 0.0901 of the channel half-width. The predicted
centerline velocity distributions are shown in Fig. 4 along with
the numerical results of previous investigators.'®2 Good
agreement was achieved for all Reynolds numbers.

The convergerce histories for the calculations are shown in
Fig. 5. The mo§t rapid convergence was observed for the
higher Reynolds number cases. For the low Reynolds number
runs, the convergence rate diminished as convergence was ap-
proached. Possible causes of this behavior are the following:
1) slow convergence of the streamwise diffusion terms that
depend on downstream velocities and 2) the singularity at the
inlet corner (see Ref. 21). For this computational test case, the
inlet flow profile was arbitrarily specified to be uniform to
allow comparison with other solutions. However this profile is
inconsistent with real flow; an artificially high pressure was
calculated at the corner that would normally propagate up-
stream and alter the inlet flow. The computed pressure spike is
larger for lower Reynolds numbers and may be a cause of the
slower convergence.

Sudden Expansion Flow in a Channel

The symmetric 3/1 sudden expansion flow in a channel is
labeled as case 2. Computations were performed on the chan-
nel upper half-plane with a series of uniform grids. Fully devel-
oped flow was assumed at the inlet plane located upstream of
the expansion. The last marching station was placed down-
stream of the reattachment point where the downstream pres-
sure is constant across the channel, but the flow was not as-
sumed to be fully developed. A similar series of computations
was done for the 3/2 asymmetric expansion flow labeled as

0

10 Case 2, Re = 37.3

5 ! 31 x 19 Coarse Grid

5 07 - 61x 37 Fine Grld__

‘@ s

3 107 \ \\ No Global Pressure Corraction
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E 5|\ \
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10‘7 L It L

[ 50 100 150 200
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Fig. 7 Effect of global pressure correction on convergence history of
symmetric sudden expansion solutions.
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Fig. 9 Predicted surface pressure distribution for crossflow over a
cylinder at Rep =40.

case 3. The results of the grid refinement tests are summarized
in Table 2. The predicted reattachment lengths are compared
with the experimental result of Durst et al.?? and the numerical

predictions of Osswald et al.” and Hackman et al.?* in Fig. 6. :
Reasonable accuracy is demonstrated, even with fairly coarse

grids.

For these cases, the convergence rate was not strongly de-
pendent on the number of nodes or the Reynolds number, and
rapid convergence was obtained on all runs. The convergence
behavior was dependent on the choice of the diffusion and
relaxation factors in the pressure correction procedure, as
shown in Table 3. Low values for the diffusion parameter or
large values of the relaxation factor cause the solution to im-
mediately diverge. Very large values of the diffusion factor
result in an oscillating or diverging solution. The procedure is
stable with small values of the relaxation factor at a large
penalty in the convergence rate. Based on limited experience
with the method, the optimum values of these parameters
appears to be problem dependent. Also, rather than holding
these values fixed, the results of Bentson and Vradis!® with a
different pressure correction method suggest that varying the
diffusion parameter during the course of the calculation may
be beneficial.

To demonstrate the accelerating effect of the global pressure
correction scheme, additional case 2 computations were done
without using this procedure. Multiple space-marching passes
were performed using only relaxation of the pressure to con-
verge the solution. Figure 7 compares the convergence history
for coarse and fine grid solutions done with and without the
global pressure correction. Convergence is reached between 4
and 10 times faster with the global pressure correction scheme,
depending on the grid and the convergence tolerance chosen.

Crossflow over a Cylinder

The crossflow over a cylinder is labeled as case A The
nonorthogonal grid shown in Fig. 8 was constructed using the

stream and potential functions for potential flow with stretch-
ing functions to cluster nodes near the body. The computed
surface pressure distribution is compared in Fig. 9 with the
numerical results of Son and Hanratty?® and the more recent
work of Rhie.?® The pressure distribution is reasonably well
predicted over most of the cylinder, except near the leading
edge. The grid does not contain enough nodes near the stagna-
tion point to accurately resolve the steep gradients in this area.
1t is believed that an improved computational grid would result
in a more accurate prediction of the stagnation point pressure.
Predictions of the separation point and the length of the trail-
ing separation bubble are given in Table 4. The present predic-
tions fall in the range between the results obtained by Kwak et
al.® and Son and Hanratty.?

The convergence rate for this case was much slower than for
the internal flow cases. Smaller relaxation factors were used
and an exception to the starting procedure was made for the
fine grid computation, which was started using interpolated
values from the coarse grid solution. This was necessary due to
the large obstruction presented by the cylinder leading edge.
On the initial sweep, there is no deviation from uniform free-
stream conditions until the leading edge is encountered, and
the flow must be diverted in the space of one grid step. If too
fine a mesh is specified, an unrealistically large transverse
velocity is required to pass the flow around the obstruction.
The large perturbation at the leading-edge marching station
may cause the Newton linearization to fail or the subsequent
profiles downstream will be physically unrealistic and require
that the pressure correction be very heavily relaxed.

Concluding Remarks

An efficient, coupled space-marching procedure has been
developed for the full Navier-Stokes equations in primitive
variables. The finite-difference method has been implemented
on a regular grid using generalized body-fitted coordinates.
Several comparisons have been made that confirm that the
method correctly captures the global influences that character-
ize fully eliptic flows. The compressible formulation was ob-
served to work very well in the incompressible limit.. A new
global pressure correction procedure was developed that sig-
nificantly accelerates convergence for an important class of
problems.
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